A simple model to explain microwave-induced heating of carbon nanotubes ͑CNTs͒ through transformation of electromagnetic energy into mechanical vibrations is proposed and analyzed. The model provides a way to understand recent observations of heating of CNTs exposed to microwaves in the range of 2 -20 GHz. It is shown that transverse vibrations of CNTs during microwave irradiation can be associated with parametric resonance, as occurs in the analysis of acoustic experiments on forced longitudinal vibrations of a stretched elastic string. For carbon nanotubes ͓single wall nanotube ͑SWNT͒, double wall nanotube ͑DWNT͒, multiwall nanotube ͑MWNT͒, ropes, and strands͔ the resonant parameters are shown to be located in a region of instability of the Mathieu's equation. Wave equations with cubic nonlinearity were used to qualitatively describe the effects of phonon-phonon interactions and energy transfer from microwaves to CNTs at a rate much exceeding the traditional Joule heating via electron-phonon interaction.
I. INTRODUCTION
The responses of carbon nanotubes to electromagnetic radiation over a broad range of frequencies have been the topic of many recent investigations. [1] [2] [3] [4] [5] [6] [7] [8] Visible laser-induced spectrofluorences 1, 2 and Raman spectra, 3 ultrafast laser pulseinduced structure change, 4 and irradiation from a lower frequency microwave source with emissions detected at higher, infrared, and visible, frequencies [5] [6] [7] [8] have been reported. A phenomenological model to describe the interaction of microwaves with carbon nanotubes ͑CNTs͒ is proposed and used to explain a set of experimental observations.
In 2004, Roberts et al. 5 reported specific microwave absorption in the frequency range 6 GHz to 20 GHz by CNTs blended in polycarbonate. Imholt et al. 6 and Wadhawan et al. 7 reported that CNTs under vacuum ͑less than 10 −5 Torr͒ irradiated with a microwave field of 300 W produced a visibly bright plasma accompanied by rapid degassing of the CNTs. Naab et al. 8 repeated the experiments of Refs. 6 and 7 under the same microwave field conditions, using predegassed CNTs. The authors in Ref. 8 reported that the unpurified samples were uniformly heated, but purified samples were not uniformly heated. Wadhawan et al. 7 compared the distribution of the residual metal in the CNT samples before and after irradiation and proposed that the heating of the sample is the result of magnetic resonance of the residual metal in the microwave field. Naab et al., 8 using a particleinduced x-ray emission ͑PIXE͒ experiment, showed a lack of correlation between the temperature of CNTs and the amount of residual metals. Walton et al. 9 reported that nanosized ferromagnetic grains show temperature increases under microwave radiation for higher frequencies than 2.45 GHz, as used in Refs. 5-8. This paper proposed to answer the questions: What is the role of residual metals in the heating process? Is there any correlation between the microwave heating of the CNTs and plasma excitation? Why are unpurified CNTs uniformly heated through the Joule process but purified CNTs are nonuniformly "over" heated?
Two types of mechanical response of CNTs to an alternating electric field were studied. In 1999, Poncharal et al. 10 observed deflections of cantilevered multiwall nanotubes ͑MWNTs͒ with resonant frequencies ranging from KHz to MHz. The CNT was set in vibrational motion with one end held fixed and the other free. In 2000, Reulet et al. 11 measured acoustoelectric effects of single wall nanotube ͑SWNT͒ ropes of 2 m lengths when subjected to 1 K and showed for transverse resonant frequencies ranging from 100 MHz to 10 GHz, electron-phonon interaction is up to 1000 times greater than the values at other frequencies.
Fundamental to the work of Reulet et al. 11 is the charge depletion between a CNT and metal contact because of the difference of work functions between the two kinds of materials, contacts, and sample, which produce nonuniform charge distribution. In 1984, Ekardt 12 systematically studied work functions of metal clusters which varied with the number of atoms in the clusters and showed that as long as the number of atoms in a cluster is over 100, the value of the work function of the cluster approaches the value of the bulk metal.
Reulet's mechanism is insufficient to explain the microwave heating of CNTs in Refs. 6-8. The reasons that led us to develop a new model were that in Ref. 8 , microwave heating of purified CNTs exhibited two extreme phenomena: CNTs were either heated to "super" high temperature or not heated, with no intermediate situation. This phenomenon could not be understood within Reulet's mechanism, where a CNT rope was treated as a transversely excited charged elastic rod with both ends fixed.
Polarization of CNTs under both static and alternating electric fields has been studied in Refs. [13] [14] [15] [16] . Both theoretical and experimental analyses showed that under an external electric field, a CNT would be polarized along its axial direction. Under a static electric field, polarization of a CNT results in a mechanical extension of the CNT along its axis. 15 A similar extension occurs in a microwave field, which can be considered as quasistatic for tubes of lengths ϳ1 m. From fundamental concepts, it is estimated that a CNT of L =1 m, d = 1 nm, and Young's modulus of 1 TPa under an electric field of 10 4 V / cm intensity and a total number of 10 2 free electrons depleted from any residual metal develops a strain of order 10 −4 . In addition, the aspect ratio, length divided by diameter, 17 must be considered. For an aspect ratio less than 10, a cylindrical shell model should be taken; if the aspect ratio is from 10 to 50, a rigid rod model should be used; if the ratio is larger than 500, a wire or string model is suitable. We considered the aspect ratio to be 1000 and assumed a straight, classical, extensible, and flexible string with instantaneous mechanical response to the microwave field parallel to the string. The resulting tension is assumed to be uniform along the string, with the ends free with atomic degrees of freedom neglected. The CNT motions that open an energy input window for microwaves are considered while neglecting the motions that cause heating. ͑Many authors have systematically studied electron-phonon interaction of CNTs. See Ref. 18 and references contained therein.͒ Here we assume that microwave heating of the CNTs begins with resonant excitation of transverse wave motion followed by electron-phonon and phonon-phonon interactions. Periodic variation of the tension of the string leads to transverse parametric resonance and unstable motion. Using the third-order longitudinal-transverse, coupled, nonlinear wave equations given by Morse and Ingard, 19 the resonant solutions are shown to be pseudounstable. The displacements are solutions of a nonlinear Mathieu equation derived from the third-order wave equations constrained to two-dimensional wave motion. Initial conditions of the nonlinear Mathieu's equation are considered given ͑referred to as a "seed" by Rowland 20 ͒ and initiated by thermal excitations. ͑Experiments 6-8 were done at room temperature in the work cited in Ref. 20 .͒
II. THE MODEL
A CNT interacting with a spatially uniform electric field at a microwave frequency E pointing along the tube axis induces polarization that responds instantly to the field. This polarization causes an antenna effect in illuminated arrays of CNTs 21 that produces forces in opposite directions on the ends of the tube, giving rise to a mechanical frequency 2 E .
If the equilibrium length L 0 of the stretched CNT is set at L r + ͑L M − L r ͒ / 2, for the frequency of the driving force 2 E , the CNTs under a microwave field behaves almost the same as that of an elastic string in Melde's acoustic experiment. [22] [23] [24] [25] Herein, both ends are free to move transversely, whereas in the acoustic experiment both ends are fixed. Rowland's analysis of the Melde experiment to the microwave-driven CNT problem 20 is adopted in this work. If the x axis is chosen to lie along the resting CNT, a point on the string initially at ͑x ,0,0͒, is found at time t Ͼ 0 to be at the point r͑t͒ = ͕x + u͑x,t͒,v͑x,t͒,w͑x,t͖͒. ͑1͒
At the free ends, the boundary conditions are
and
is a function of the microwave power and is dependent on the electronic energy structure, 14 v x = ‫ץ‬v / ‫ץ‬x, etc. Boundary conditions, Eqs. ͑2͒ and ͑3͒, cause the tension in the tube to change in time according to Hooke's law,
and b =2u 0 / ͑L 0 − L r ͒ = 2, from the definitions of u 0 and L 0 ; S is the cross-sectional area of the CNT ͑or nanorope, nanostrand͒, Y is Young's modulus, and 0 is the tension of the nanotube in equilibrium. If is the equilibrium strain, a ͑17,17͒-type SWNT with a length of 1 m and strain of 10
͑L 0 − L r =1 Å͒ with Y = 1 TPa, the fundamental transverse mode frequency is approximately 2.1 GHz, which is near the microwave frequency of 2.45 GHz used in the experiments.
A. The linear model
The equation for the motion of the nanotube for timedependent tension using Eq. ͑5͒ gives
where c T = ͱ 0 / 0 is the speed of transverse waves. Expanding the solutions over odd harmonics with suitable replacements gives the Mathieu equation for v n ͑t͒,
where ␣ = ␤ /2= n 2 / ͑4 E 2 ͒, n = c T k n , T =2 E t; the integer n is odd to keep the center of mass stationary. A resonance occurs for n Ϸ ⍀ / 2, where ⍀ is the frequency of the driving force. 26 In our case ⍀ =2 E and resonance occurs for n Ϸ E = 2.45 GHz with n = 1, so that ␣ = ␤ /2Ϸ 1 / 4. The solutions of Eq. ͑8͒ are stable or unstable depending on the values of ␣ and ␤, as shown in the ͑␣ − ␤͒ parameter space in Fig. 1 . The boundaries between stable and unstable regions near the values ␣ =1/4, ␤ = 0 are given by ␣ Ϸ 1/4±␤ /2 − ␤ 2 /8 20, 27, 28 It is seen that the point ␣ =1/4, ␤ =1/2 lies in an unstable region and the general solution has the form
where is a real number depending on ␣ and ␤, and q 1 and q 2 are periodic functions. The exponentially growing solution in Eq. ͑9͒ holds for continuous ranges of values of ␣ and ␤ ͑Fig. 1͒. For parametric resonance, the result is either unlimited growth for damping less than a critical value Ͻ 2, or overdamped transverse motion for damping larger than the critical value. If the interaction between the CNT and its surroundings is included through the addition in Eq. ͑8͒ of a linear damping term of the form d / dT with the transformation n = exp͑−T /2͒͑T͒ made to eliminate the first derivative term, satisfies another Mathieu equation, of the form 
B. The nonlinear model
It can be seen that the linear solution is not sufficient for long times, as the amplitude of the transverse wave grows exponentially and is not limited by damping, so the linear wave equations must be modified to include nonlinear terms. Following Morse and Ingard, 19 including nonlinear effects that couple longitudinal and transverse displacements leads to the set of coupled equations with cubic nonlinearity:
where u x ϵ ‫ץ‬u / ‫ץ‬x, etc. An equation for w comes from Eq. ͑15͒ by interchanging v and w; however, we consider only planar motion ͑w ϵ 0͒ and take u Ӷ 1. Here c L = 2.0 ϫ 10 6 cm/ s ͑Ref. 29͒ is the speed of longitudinal waves. The speed of transverse waves c T is less than one-tenth of c L , which is used to simplify Eq. ͑15͒ to get an approximate connection between u and v. Keeping only the dominant terms in Eq. ͑15͒ after dividing by c L and letting c L → ϱ the equation for u above then reduces to
The last equation can be integrated over x, subject to boundary conditions Eqs. ͑2͒ and ͑3͒, to get
͑15͒
The coupled nonlinear Mathieu equations for v n can be written as follows
We take ␣ 1 = 1 4 , solve the two equations for n = 1 and n =3, and then find the Fourier amplitude spectra for v 1 and v 3 . The results are plotted in Figs. 2 and 3 . The abscissas are the integers p in the angular frequencies 2p / t 0 , where t 0 is connected to the dimensionless time interval T 0 , used in solving Eq. ͑16͒, by T 0 =2 E t 0 = 500. The primary v 1 peak occurs near the physical frequency of 2͑54/ 250͒ E Ϸ 1.36 E and the lower secondary peak near p = 28, is near an angular frequency of 0.70 E ; both are near the microwave field frequency, as expected. The amplitudes for v 3 for v 1 , and the spectrum has higher frequencies compared to that for v 1 . The primary v 3 peak is near 2͑174/ 250͒ E Ϸ 4.37 E . Coupling of the v modes feeds energy from the electric field by way of the fundamental into other higher frequency modes. Figure 1 shows the stable and unstable domains of the solutions of the non-linear solutions.
III. RELATING THE MODEL TO SOME EXPERIMENTAL OBSERVATIONS
Now we connect the behavior of the model presented in Sec. II with the observations discussed in the Introduction. The model predicts that the behavior of a CNT under a microwave field is described by solutions of the nonlinear Mathieu equation, Eq. ͑16͒. The form of the solution is determined by reference to its ͑␣ − ␤͒ parameter space, Fig. 1 . At resonance, ␤ =1/2 is a constant, but ␣ =1/4− 2 / 4 is a function of the damping from Eq. ͑10͒ and its value determines if the solution is stable or unstable. Also, Eq. ͑12͒ shows that damping causes a shift of resonant frequency, which is controlled by the amount of damping.
When is large enough ͑e.g., Ͼ 1 Ͼ ␤͒, the CNT systems in Refs. 5-8 are overdamped and there is no steady motion. In this case, the states of the systems are somewhere below the ␣ = 0 line in ͑␣ − ␤͒ parameter space, lying in a neighboring unstable region ͑not shown in Fig. 1͒ , but having solutions with only decaying exponentials in Eq. ͑13͒ and indicating that the CNTs are not in resonance with the field.
Solutions for the pregassed, unpurified CNTs, because of the presence of impurities, were limited by the ␤ = 1 2 line as far as the stable region shown in the ͑␣ − ␤͒ parameter space in Fig. 1 . In this region, transverse resonance with a finite amplitude holds for all the CNTs. Based on the results in Ref. 8 , electron-phonon interaction is significant and, therefore, uniform Joule heating occurs in this case.
In solutions for the purified CNTs, because there is less damping from the impurities, pre-degassing enables the samples to pass the ␤ = 1 2 line into the unstable region of the ͑␣ − ␤͒ parameter space. Degassing of the purified CNTs in Ref. 8 results in a nonuniform density distribution of the CNTs. For the ones whose local environment allows them to take on large amplitude vibrations, they will vibrate with increasing amplitudes until nonlinear effects become involved, as in Eq. ͑16͒. In this case, besides Joule heating caused by electron-phonon interactions, we must also consider heating effects due to phonon-phonon interactions, resulting from large-amplitude nonlinear transverse motion. For the CNTs in dense and viscous local environments, the CNTs will not vibrate. As a result, in these CNTs there is neither phonon-phonon coupling nor electron-phonon interaction, and thus, no heating.
IV. CONCLUSIONS
In this work is presented a discussion of the interaction of CNTs with microwaves in terms of the nonlinear dynamics of CNTs modeled as an elastic string. The model predicts a primitive excitation of a CNT at room temperature that involves all atoms in the CNT under intense microwave irradiation. Melde's experiment and its description in terms of Mathieu's equation are useful in trying to understand the dynamical response of CNTs during microwave irradiation. It is pointed out that the damping coefficient plays a key role in determining the behavior of nanotubes. When the damping is too large, transverse waves cannot be excited; when Ӷ ␤ but Ͼ 0 electron-phonon interaction ͑Joule heating͒ dominates the energy conversion process. Phononphonon interaction must be considered whenever → 0. In the case reported here, resonant response of CNTs to microwaves results in two effects, an increase in electron-phonon scattering and the appearance of nonlinear effects and phonon-phonon scattering. This model also implies significant density effects, as experimentally observed in Ref. 5 and as mentioned in Sec. III. Finally, it is pointed out that during microwave irradiation, residual metals in the system appear to play the role of donors of sufficient free charge to expedite the microwave coupling. The absolute values of the discrete Fourier amplitude spectrum of the nonlinear mode amplitude 3 ͑t͒ is plotted versus the integers p in the angular frequencies 2p / t 0 , with t 0 = 250/ E . The primary peak occurs near p = 174, or near an angular frequency of p E / 125= 4.37 E , over four times the frequency used to irradiate the CNTs.
